An optimal control method is provided to mitigate the cubic strongly nonlinear vibration of vehicle suspension with velocity and displacement feedback controllers. The forced vibration of the vehicle suspension is studied utilizing the methods of modified Lindstedt-Poincaré and multiple scales. Ranges of feedback gains that can keep the vibration system stable are worked out by the stability conditions of eigenvalue equation. Taking the decay rate and the energy function as the objective functions and the ranges of stable vibration feedback gains as constrained conditions, the optimal feedback gains of velocity and displacement are calculated by the method of minimum method. The simulation results show that the control method can have optimal control results.
INTRODUCTION
The problem of rough surface road profiles and its influence on vehicle unwanted vibration due to kinematic excitations a topic of many research studies. The vehicle suspension system is a typical nonlinear system. Some elements of the vehicle suspensions, such as tires, springs and dampers, have strongly nonlinear character when the deformation of the suspension is larger. The nonlinear systems exhibit complex dynamical behavior, such as change in stability of responses, resonances, and bifurcations and which can have an unacceptable detrimental effect on the divers and passengers. With the rapid development of the suspension control technology, it is necessary to design high performance controllers that can mitigate the vibrations of the strongly nonlinear vibration of the suspension system. One of the main tasks of the vehicle feedback control is to determine the coefficients of feedback gains. The selecting of the optimal feedback gains is essential to achieve an effective vibration control of the strongly nonlinear systems. As the control of the strongly vibration of the nonlinear system are difficult, there is less research on the selecting the optimal feedback gains that can ensure the stability of the vibration system.
In recent years, many new applications of semi-active and active control procedures to minimize vehicle vibrations have also been widely studied [1] [2] [3] . Chaos and bifurcations in nonlinear vehicle model have been widely studied [4] [5] [6] . Siewe Siewe et al [7] studied the response, stability and chaotic motions under the action of road excitation of a quarter of vehicle. The above literatures discussed the dynamic phenomena, such as the chaos, bifurcations and stability of the nonlinear suspension system and provided the theories foundation for bifurcation and chaos control.
VIBRATION ANALYSIS OF A QUARTER OF VEHICLE
The one degree of freedom quarter-car model with nonlinear stiffness force and hysteretic nonlinear damping force of magneto-rheological fluid damper is studied as shown as Fig. 1 . M is the mass of the vehicle body. x is vertical displacement of the vehicle body caused by road roughness. x 0 is the pavement excitation of the vertical displacement of the wheels caused by road surface. k 1 and k 2 are the linear elastic coefficient and nonlinear cubic stiffness coefficient of spring, respectively. d is the controller. c 1 and c 2 are the damping coefficient and the hysteretic nonlinear damping coefficient of the damper, respectively. A is the road surface amplitude. The dynamics equation of a single degree of freedom quarter car model is [10] [11] . (1) where, x . and x .. are the first and second order derivatives to time t, respectively. g 01 and g 02 are the feedback gains of displacement and velocity, respectively. Let y = (x -x 0 ) / g, where g is the gravitational acceleration. x 0 = Asin(Ωt). Eq. (1) can be written as Figure1. Model of a quarter vehicle.
where, , , P = AΩ 2 , , . The parameters of the strongly nonlinear vibration system are as follows: the mass of vehicle body is m = 240 kg, the spring elasticity coefficient k 1 = 1.6e5 Nm -1 , the nonlinear coefficient k 2 = -3e5 Nm -3 , the damping coefficient c 1 = 250 NSm -1 , c 2 = 25 NSm -3 [10] [11] . As the coefficients , the term of the cubic hysteretic nonlinear damping coefficient of the magneto-rheological fluid damper can be neglected. The nonlinear vibration system is regarded as the strongly nonlinear system because the positive parameter e is larger than the natural frequency w 2 0 . The perturbation methods cannot be successively used to determine the free and forced strongly nonlinear system. The methods of improved LindstedtPoincaré and multiple scales are applied to study the strongly nonlinear vibration of the vehicle suspension. The corresponding dimensionless equation of motion can be written in term of the normalized time t = Ωt as (3) where, y´and y´´ represent the first and second order derivatives to time t. eP 0 = P, eg 21 = g 11 , eg 22 = g 12 .
The frequency of the excitation Ω 2 can be written as [14] (4)
Introducing a parameter transformation, we have
Where a is a small parameter. The parameters of e, Ω 2 , and Ω can be expressed as
By the multiple scales method [15] , the uniform solution of Eq. (3) can be represented in the form Substituting Eq. (12) into Eq. (11) and eliminating secular terms, one yields (13) Letting
where m 1 = m + g 22 , s = w -g 21 . Eliminating q from Eq. (14) the following nonlinear algebraic amplitude-frequency equation for the steady state is written as (15) There can be either one or three solutions of the above amplitude equation. The peak amplitude obtained from Eq. (15) can be written as (16) The first approximation solution of Eq. (10) is (17) For the purpose of comparison, the equation of motion of the nonlinear primary oscillator without control is (18) The corresponding peak amplitude for the nonlinear primary oscillator without control is
As it is difficult to find analytical solutions for a nonlinear system, the performance of the vibration controllers on the reduction of nonlinear vibrations cannot be studied through a similar procedure for discussing the ratio of response amplitude for the linear system. Therefore, an decay rate is utilized to evaluate the performance of the vibration control by using the proportion of vibration peak of primary resonance with and without control. The decay rate can be written as [8] (20) 
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In the paper, m is assumed to be positive. As defined by equation (20), a small value of the decay rate R indicates a large reduction in the nonlinear vibrations of the system. A smaller decay rate can be obtained by selecting the proper parameters of feedback gains. As the control parameter of speed feedback is easy to be set and damping coefficient is easy to be measured, the decay rate can be calculated easily. Comparing with the traditional method of using figures of controlled and uncontrolled to measure the controlling effect, the method to measure the mitigating effect with the definition of the decay rate is simple and time saving.
FORCED VIBRATION CONTROLLER DESIGN
The stability of the solutions is determined by the eigenvalues of the corresponding Jacobian matrix of Eq. (13) . The corresponding eigenvalues are the roots of (21) The sum of the two eigenvalues is -2m 1 , which varies with the feedback gains. If m 1 > 0, the sum of two eigenvalues is negative, which means at least one of the two eigenvalues will have a negative real part. Based on the analysis mentioned above, the sufficient conditions for guaranteeing the system stability are [16] , where k 1 is tune coefficient of the velocity control parameter. k 1 ജ1, which can amplify the value of the feedback control gain of velocity and have a good control performance. The feedback control parameter of velocity that can keep the nonlinear vibration system stable relates to the damping coefficient, natural frequency and amplitude of excitation. The range of control parameter can be calculated from the formula (23). Comparing with the previous literature, the control parameter is easier to be set than the method of trial and error or the experience method [17] . When there are two real solutions of equation f(s) = 0, the solutions are .
As the image of f(s) = 0 is a parabola of which the mouth is opened upward, the inequality of f(s) > 0 is satisfied when s < s -and s > s + . Reducing or enlarging the roots of the equation of f(s) = 0, we have 
where k 3 is tune coefficient of the displacement control parameter. K 3 ജ1. The feedback control parameter of displacement that can keep the nonlinear vibration system stable relates to damping coefficient, natural frequency and amplitude of excitation. The ranges of control parameter can be calculated from the formula (26) and (28).
OPTIMAL DESIGNS OF CONTROLLED PARAMETERS
Ranges of feedback gains have been obtained based on the analysis of the stability condition of nonlinear vibration system, but it is difficult to obtain the optimal control parameters of the system. Taking the decay rate as the objective function, the optimal feedback control parameters can be calculated by the optimal method. The optimal analysis is carried out by taking into account the cases with no solution or with two solutions for the eigen equation.
Optimal parameter design based on the minimum rate of decay
Taking the nonlinear vibration decay rate as the objective function and the stable ranges of feedback gains as constrained conditions, the optimal feedback gains are obtained by using the optimal method.
s.t. ,
The optimal feedback controller can be designed by using the optimal control method. The decay rate changes along with feedback control parameter of velocity. A larger numerical value g d can lead to a smaller the decay rate. The feedback control parameter of velocity can be calculated with a fixed decay rate according to the standards of engineering design or requirements of vibration control in the application of practical engineering. There is little research on the determining of optimal feedback control parameters of nonlinear vibration system. Comparing with the traditional method of setting the control feedback gains by using trial and error method and experience method, the optimal method to calculate the optimal feedback control parameters is simple and easy to apply in the control engineering.
Optimal parameter design based on energy minimization
The energy function of nonlinear vibration system can be written as 
SIMULATION RESULTS AND ANALYSIS
The parameters of the strongly nonlinear vibration system were given in section 1, unless otherwise specified. Fig. 2 shows the relationship between feedback gain g 02 of velocity and the excitation amplitude of the pavement. In the analysis, the road surface spectrum is simplified into a simple harmonic excitation. The figure shows that the feedback gain g 02 of velocity varies with the value of road excitation amplitude when the road surface spectrum frequency is fixed. When the excitation amplitude of the pavement is fixed value, the feedback gain g 02 of velocity feedback changes with waviness of the road surface. The worse the road condition is, the bigger the feedback gain of velocity is needed. The area above the curve means that the feedback gains can lead to a stable control performance while the below is unstable. Fig. 3 shows the relationship between velocity feedback gain g 02 and road spectrum frequency with three different sets of tune coefficients. The value of velocity feedback gain g 02 varies with the increase of the tune coefficients. Fig. 4 shows the relationship between velocity feedback gain g 02 and road spectrum frequency. The feedback gain of velocity g 02 increases with the road excitation frequency as the spectrum amplitude of road surface is invariant. The feedback gain of velocity g 02 changes with waviness of the road as the value of road surface spectrum frequency is invariant.
The effect of pavement parameters on feedback control parameters

Analysis of vibration control
The technique of the nonlinear programming is used to work out the optimal feedback gains of the velocity and displacement. Taking the decay rate as the objective function and the ranges of stable vibration feedback gains as constrained conditions, the optimal feedback gain of velocity is calculated by the method of minimum method. The peak amplitude of the nonlinear vibration system can be obtained from Eq. (15) . Substituting the value of the peak amplitude into the energy function (32), the objective function of maximum value of energy is obtained.
Taking the maximum value of energy as the objective function and the ranges of stable vibration feedback gains as constrained conditions, the optimal feedback gain of displacement is calculated by the method of minimum method. For amplitude of excitation A = 0.01 m and Ω = 26 Hz, the optimal feedback gain of velocity is found to be g 02 ≥ 75.25 Nsm -1 . As the damping coefficient is positive, a larger g 02 can lead to a smaller decay rate. The optimal feedback controller of velocity can be designed according to the stable range of the feedback gain and the requirement of the decay rate.
Taking energy function of the nonlinear vibration system as the objective function, the optimal feedback gain of the displacement is g 01 ≥ 4.33 ¥ 10 4 Nm -1 . The optimal feedback controller of displacement can be designed.
The effect of feedback parameters on the amplitude-frequency relationships
The relationship among the damping coefficient m 1 , the amplitude and the tuning parameters w 1 is given by equation (15) . The damping coefficient m 1 is associated with feedback gain of velocity, which varies with the coefficient of velocity feedback gain. The tuning parameter w 1 also varies with the coefficient of displacement feedback gain. There is no jump and hysteresis phenomenon when parameters of velocity feedback gains are the stable feedback gain 90 Nsm -1 . This analysis suggests that saddle node bifurcation and jump phenomenon can be eliminated by certain values of the feedback gains. Three solutions exist in a region of coexistence of the parameters of unstable velocity feedback gain 60 Nsm -1 and 30 Nsm -1 . The bending of the frequency response curves is responsible for a jump phenomenon. Moreover, the peak amplitude of the response at the parameters of velocity feedback gain 90 Nsm -1 is smaller than that in the other two cases. Hence, by optimally choosing the feedback gain of the controllers, the response amplitude of the nonlinear oscillator can be reduced. Fig. 6 shows the vibration curves with different sets of feedback gains. A = 0.01 m, g 02 = 60 Nsm -1 , Ω = 26 Hz. As shown in the figure, with the increasing of the displacement feedback gain, the peak of the nonlinear vibration system moves to the left and the response amplitude decreases. The control effect is not as well as the velocity feedback significantly. Fig. 7 gives the numerical result of the control performance of the nonlinear vibration system with displacement and velocity controllers. The Runge-Kutta method is used to obtain the numerical result of the vibration displacement. We can find that the vibration amplitude is mitigated evidently. In the numerical calculation, the road surface amplitude A and frequency of road surface Ω are 0.01m and 26 Hz, respectively. The control coefficient g 02 
CONCLUSIONS
The strongly nonlinear vibration of a quarter vehicle models is studied by the methods of improved L-P method and the multiple scales. The stable ranges of feedback gains of the vibration system can be obtained by studying the stability of eigenvalue equation. The optimal control parameters can be determined by taking the decay rate of the vibration control and energy function as the objective functions and the ranges of displacement and velocity control parameters of the vibration system as constraint conditions. The optimal controllers are designed to control the dynamic behaviors of the strongly nonlinear vibration systems. It is found that an appropriate selection of feedback gains can enhance the control performance of the vibration systems. The optimal feedback gains can lead to an optimal control performance. 
